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Analysis of the transpiration cooling of a thin
porous plate in a hot laminar convective flow

C. TREVINO 2, A. MEDINA P

ABSTRACT. - This paper deals with the asymptotic and numerical analysis for the steady-state transpiration cooling of a thin porous flat plate
in a laminar hot convective flow, taking into account the streamwise heat conduction through the plate. For high conductivity plates, a regular
perturbation analysis has been carried out, yielding a three-term asymptotic solution for the distribution of plate temperature. In the limit of a
very poorly conducting plate, a singular perturbation technique, based on matched asymptotic expansions, is employed to solve the governing
equations. We also solved the equations numerically using a quasilinearization technique. The numerical results are in good agreement with the
asymptotic solution close to the asymptotic limits studied. © Elsevier, Paris.

Nomenclature

Symbol definition Greek symbols

b injection parameter defined by B = [01 B(x)dy o heat conduction parameter defined in eq. (6)

¢ specific heat of the injected and hot fluids I} injection function defined in eq. (3)
f nondimensional stream function for the fluid ¥ internal heat transfer parameter
defined in eq. (15) defined by v = Hh/(pcV..)
Gy  nondimensional temperature gradient N nondimensional coordinate defined in eq. (15)
introduced in eq. (26) X nondimensional longitudinal coordinate,
G171  nondimensional temperature gradient x=z/L
introduced in eq. (42) € aspect ratio of the plate, e = h/L
g1 nondimensional variable introduced in eq. (29) A thermal conductivity of the fluid
H internal heat transfer coefficient introduced Ap  thermal conductivity of the plate
in eq. (8) 7 dynamic viscosity of the fluid
h half-thickness of the plate v kinematic viscosity of the fluid
K nondimensional variable defined by ¢« nondimensional variable defined in eq. (49)
K =&2Pr Ba V1 nondimensional variable introduced in eq. (30)
L length of the plate P stream function defined after eq. (16)
m injection distribution parameter defined g nondimensional temperature of the fluid
with 3 = B(1 4+ m)x"” defined in eq. (15)
Pr Prandtl number of the fluid, Pr = pc/A ¢,  nondimensional temperature of the injected fluid
Res Reynolds number of the flow, Res, = U L/v defined in eq. (15)

* Correspondence and reprints.
2 Facultad de Ciencias, UNAM, 04510 México D. F., Mexico. Email: ctrev@servidor.unam.mx
b Subdireccién de Exploracion y Produccién, Instituto Mexicano del Petréleo, Eje Central Lazaro Cérdenas 152, 07730 México D. F., Mexico.

EUROPEAN JOURNAL OF MECHANICS - B/FLUIDS, VOL. 18, N° 2, 1999
0997-7546/99/02/© Elsevier, Paris



246 C. Treviiio, A. Medina

T temperature of the fluid f.»  nondimensional plate temperature defined in eq. (14}
T  temperature of the hot fluid ¢ nondimensional longitudinal coordinate
T.  initial temperature of the cooling fluid defined in eq. (49)
T,  temperature of the cooling fluid
T,  temperature of the plate Subscripts
u longitudinal velocity component of the fluid
U, free stream velocity of the hot fluid 0, 1,2 denotes the leading, first or second order solution
v transverse velocity component of the fluid ¢ denotes the initial temperature of the
V. injection velocity of the cooling fluid cooling fluid
x,y horizontal and vertical Cartesian coordinates g denotes the cooling fluid
z nondimensional transverse coordinate w denotes the plate
for the plate, z = y/h oc  conditions at the hot free stream

1. Introduction

One of the most important problems in gas turbine development is that related to the increased efficiency
obtained by increasing the working temperature at the exit of the combustion chamber. However, this maximum
temperature is limited by the blade material. Transpiration cooling can be used in this case to reduce the
temperature of the blade in contact with very hot gases, thus increasing the working temperature and therefore
the cycle efficiency (Polezhaev, 1997). The injected cooling fluid extracted directly from the final rows of the
compressor section travels through the porous material, being heated first by the wall and later by mixing with
the hot fluid. There are also multiple applications for transpiration cooling processes, which can be inferred
from the following references (Modlin and Colwell, 1992, Xu and Yang, 1993, Sreekanth and Reddy, 1995,
Shunichi, 1996).

Transpiration cooling processes involve simultaneously two different heat transfer mechanisms: conduction
through a solid plus convection. There is a large amount of literature in this field of conjugate heat transfer
processes (Luikov, 1974, Payvar, 1977, Trevifio and Lifidn, 1984, Pozzi and Lupo, 1988, Higuera and Pop,
1997, among others). In particular, the effect of wall transpiration on the heat transfer process, has been studied
numerically in several works (Hartnett and Eckert, 1957; Hartnett et al., 1961; Cheng, 1977; Minkowycz et
al., 1985 and Lai and Kulacki, 1990). Brouwers in a recent paper (Brouwers, 1994) studied the heat and mass
transfer between a permeable wall and a porous medium, including the effect of injection and suction on the
process. He uses the so called film model, which is an approximation of the boundary layer flow. For an
injection parameter of B = 0.5, he obtained a relatively good correlation with an accuracy of 95%, as compared
with the boundary layer model. Eckert and Cho, (1994) (see also Brouwers, 1995), obtained numerically the
heat transfer characteristics of a porous wall in a turbulent boundary layer flow, using the k£ — & model. In none
of these works has the streamwise heat conduction through the porous material been considered.

The objective of the present work is to study both numerically and using asymptotic techniques, the influence
of the injection of a cooling fluid through a porous plate in contact with a laminar convective flow of a hot
fluid. The streamwise heat conduction through the wall is considered for the different regimes. In section 2
we present order of magnitude estimates for the studied process and the corresponding governing equations. In
section 3 we present the asymptotic solution for the thermally thin wall regime. The solution for the thermally
thick wall regime is given in section 4. The most important results and the influence of the injection strength
and the distribution of the injected fluid upon the maximum temperature in the plate are given in section 5.
Finally we present the key conclusions in section 6.
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2. Formulation

The physical model analyzed, depicted in figure 1, is the following. A thin porous flat plate of length L and
thickness h is placed parallel to the forced flow of an incompressible fluid with free stream velocity U, and
temperature T.. A transpiration cooling flow is added through the porous plate, with a known temperature
T, < Tx and injection velocity V.(x). In this paper, heat conduction in both directions is considered while
both ends of the plate are assumed, for simplicity, to be adiabatic. The order of magnitude of the characteristic
thickness of the boundary layer flow 6 is obtained from the balance of the viscous and inertial forces, together
with mass conservation as

vUs Ufo. U V ()
62 L’ L 5’
where v is the kinematic viscosity of the fluid and V' denotes the characteristic transverse velocity component
induced by the boundary layer flow. Therefore, the boundary layer thickness related to the length of the plate
must be of the order
0 1 v
T~ — o~ —— 2
L Re})éz Use” 2)

where Re, is the Reynolds number based on the free-stream velocity, defined by Reoc = U L/v. The relative
importance of the injection process on the boundary layer flow is represented by the injection parameter

g fee VR W )
Reééz Uso 4

where Re, is the Reynolds number based on the injection velocity, Re. = V.L/v. Here V. is the averaged
value of the injection velocity, V. = fOL Vedz /L. The value of 5 must be lower than the critical value needed
for boundary layer separation, which is of order unity. Assuming that the injected fluid at the exit equilibrates
the fluid temperature with that of the solid, we obtain from the energy equation

(Too — T PrV. Aw AT
L (4)

or v

where 47 is the characteristic thickness of the thermal boundary layer, and is of order 67 ~ 6/ Prl/3, for

Pr > 1. Pr = puvc/X is the Prandtl number. Here AT, is the characteristic temperature difference in the

transverse direction, 1% is the characteristic averaged value of the temperature of the plate, A\,, and )\ are
—>Too

—
— U

Injected fluid V, T,

Fig. 1. — Schematic of the physical problem studied.
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the thermal conductivity of the plate and fluid, respectively and ¢ is the specific heat at constant pressure of
the fluid. Therefore, the characteristic temperature difference in the transverse direction related to the overall
temperature difference T, — T, can be written as

__ATe Eiprl/i‘ 8P (1. - T) (5)
(TOO e Tl(’) 18 (81 (Tr)@ - En)’ )

where the parameter « corresponds to the nondimensional longitudinal thermal conductance of the wall and
is defined by

h 1
LRe},éQ’

1

D)

(6)
and ¢ is the aspect ratio of the plate, e = h/L. For large values of o/e?, the nondimensional temperature of

the plate can be given globally by

T +BP3T, AT,
14 5Pr2/3 " (T ~ Toe)

— 0. (7>

w ™

For B <« 1, the plate temperature is of the order T, ~ T, — /3 Pr?/ 3(T — T.). Increasing the value of the
injection parameter produces a decrease in the plate temperature. The transverse temperature gradient produced
in the cooling process in this regime is VT, ~ (¢/a)(T — T..)/ L. The corresponding longitudinal component
is then VT, ~ (1/a)(Tw — T.)/L, for values of « of order unity or larger and VT, ~ AT./L, otherwise.
Larger temperature gradients are produced in the longitudinal direction for values of & > ¢. On the other
hand, for values of a/e? of order unity, called the thermally thick wall approximation, the wall temperature
variations in the transverse direction are now important and this effect must be included in the analysis. In this
limit, the longitudinal heat conduction through the plate now is unable to compete with the convective heat
flux towards the fluid and can be neglected in a first approximation. In this regime, the transverse temperature
gradient generated during the cooling process is much larger than the corresponding longitudinal gradients and
is of order VT, ~ (1/e)AT./L.
The energy balance equation for the plate can be written as
’*T, 0T, H

a2 5y A—w(Tll' - T,) =0, (8)

where H is a volumetric heat transfer coefficient between the plate and the injected fluid, with a local temperature
T,. The governing equation for the injected fluid is then

a7,

H(Tw - T,) = nggWFy—,

(9)
where pg, ¢4 are the density and the specific heat of the injected fluid. We assume for simplicity that the
injected fluid and the hot fluid are the same and are assumed to be incompressible. This latter restriction can
be easily removed by introducing the Howarth-Dorodnizyn transformation (Schlichting, 1979), which allow
us to transform the compressible flow problem to incompressible boundary layer governing equations. The
boundary conditions are given by

OT
ox

=0 atz=0,z=1L;
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0Ty oT
)\w a:;l - )\8_ - pVC(T Tu)) —_ 0 at y — 0

0Ty
a; =Ty -T.=0 aty=—h. (10)
The governing equations for the incompressible hot fluid, using the boundary layer approximation, are given by

\ ou Ov
— +—=0 11
2

A LA (12)

_— = l/{—'

or Oy oy?’
where u and v correspond to the longitudinal and transverse velocity components, respectively. The boundary
conditions are

u=v-V,=0 aty=0; u— Uy asy— oc. (13)

Introducing the following nondimensional variables

(Tuv - TC) z Y
b= p 7y X= i 2= 14
U Te-T) YT TR (14)
T, - 1) T-T) [Usx ¥
g (fo; _ T(’)’ (Too _ TC)’ 77 vr y7 f UOC]/I7 ( O)
egs. (8) and (9) take the nondimensional form

%0, 10%0, PrBy a0,

a2 el 322 a (B = b2) =0 70 = 0) = Bz (16)

Here, ¢ is the classical stream function defined by v = 9%/dy and v = —9Jv¢/0x. v is the internal heat
transfer parameter defined as v = Hh/(pcV.). For large values of v compared with unity, the injection fluid
temperature rapidly reaches the temperature of the plate, which allow us to write 6, = 0, at z = 0 for v > 1.
The nondimensional governing equations for the hot fluid take the classical form (Schlichting, 1979)

P R il N Vs A0 i )
dn 2 On? 81} OxOny Oy On?
1 9%  foe of 08 of 08
____2+i_ _f____]ﬁ__. (18)
Pron 2 0n 877 dx Oxonl’
with the boundary conditions
Hw 1 06
70y + 23800 = 52 - = [2 — (o, —0,)
_of _ _
= =0-0,=0 atn=0, (19)
of _ :
o -1=0-1=0 atn— oo. (20)

Here the injection function 8(x) = Vev/Reoo/Us is assumed to be a functlon of the longitudinal coordinate
Xx. We introduce the normalized function 3(x) = 3(x)/B , such as fo x)dx = 1. B is then the strength of
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the injection process. In the following section we present a solution in the limit «/e? >> 1, which is called
the thermally thin wall regime, where the temperature variations in the transverse direction of the plate can be
neglected. It is in this regime where the transpiration cooling produces the most important benefits, due to a
reduction of the maximum temperature in the plate without the appearance of serious wall temperature gradients.

3. Thermally thin wall regime (a/e? >> 1)

In this regime, the non-dimensional transverse temperature variations in the plate are very small, of order
¢? /a as predicted by relationship (5). Integrating the energy equation across the solid and applying the boundary
conditions, we obtain a reduced form of the nondimensional energy equation for the plate as

d*0,. 1 06
dx? VX On y=0

In this regime the final equation is independent of ~, for large values of ~. In this case, the temperature of
the cooling fluid reaches the temperature of the plate at the exit. Here we obtain the lowest values of the
temperature gradients in the plate, being of order (T'x. — 1;)/(aL), valid for values of « of order unity or
larger. For values of o >> 1, the temperature of the plate equilibrates due to its large thermal conductivity.
In this limit the temperature gradients at the wall are very small and the maximum temperature at the plate is
the lowest possible using this kind of cooling process.

(%

— Prff, =0. (21)

3.1. ASYMPTOTIC LIMIT o >> 1

For very large values of the parameter «v compared with unity, the nondimensional temperature of the plate
changes very little, of order a~! in the longitudinal direction. This limit is regular and is to be analyzed
using o~ ! as the small expansion parameter. In this limit, the nondimensional temperature of the plate can
be obtained using the following asymptotic series

e

1
H“'((Y’ X) - Z a_”()uvn(X)' (22)

n=0

Introducing the above relationship into the nondimensional governing eq. (21), we obtain the following set
of equations

dz(ju‘[)
— = 0, 23
d20wn 1 aen—l
e = — e —— +Prg0, -1y forn>1, (24)
dXZ \/)Z ()7] :,:[) ! (” )
with the following adiabatic conditions at both ends

d(g n
=0 at x =0,1 for all n. (25)

dx

Solving equations (23) and (25), gives a constant value for 6,9, which can be found after integrating the
following first order eq. (24) with the corresponding adiabatic conditions at both ends as

120, 11 de
/d Qldxzoz—/ —_ 2N
0 dx 0 VX dn
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In this form, the solution for 6, is given by

Oeo = |1+

PrB 11 Gy
)jl : 0= 04X (26)

2Gy(m, B, Pr T2, 0 VX

Here Gy(x:m, B, Pr) corresponds to the nondimensional temperature gradient at the surface of the wall
obtained from eqs. (17) and (18), with the normalized conditions~0() —Qatnp=0and ) =1 as n — oc.
In this case, we represent the normalized injection function as f(x) = (1 + m)x", where m denotes the
distribution parameter of the injection process. Any other function can be included without any difficulty. A
first integration of Eq. (24) for n = 1, gives

160, — 1 v God

-(—-—l——l— - 2G()(1 - 9”0) [X,]1+1 — 0 X:! . (27)
dx 2Go Jo VX

For m = —1/2, we obtain that 6,.,, = 0 for all n > 0. For this specific injection function, the leading order
solution is valid for all values of «. A second integration of Eq. (27) gives

_ m+2 \ @ dX
Be1 = C1 + 2Go(1 — b, { / / 0 } 28
u 1 ( 1 0) T 2 2G() o 0 ( )

where C7 can be obtained by solving the second order equation (24) for m = 2. For B < 1, from eq. (26)
and assuming a solution of the form

fo = foo+2BX" (14 m) (=14 g1) + O(B), (29)
By = Opo + 23x"’+1/2(7n, + D1 + ()(Bz), (30)
we obtain at leading order
4 d? d*6 Pr foo d6
f(;() foo fgo ys L r foo dBoo ~0 (31)
dry 2 dn dn 2 dp

with the well known asymptotic solution obtained for large Prandtl numbers, but which gives excellent results
for values of order unity, given by

" Prf''(0) )43,

1 U —t3
foo = 0.7765 / Pxp[ 2 ]df with f”(0) = 0.332. (32)
0

The first order equations take the form

Fg1 | foo d*g dfoo dg1 foo &’ foo o
d7]3 + T3 dT]2 — (m + = d—nd_ + ( L + 1) ’ ( .+ 1) lnz (35)
1 d>o1 | foo dipt dfoo dbo dfy
P B e _rs A m 11— 5
Prd 2 dy (m+2> gy PTG = (m +1)d", (34)
to be solved with the boundary conditions
d d
912%:%:0 at n = 0; (%:901:0 for n — oc. (35)
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The nondimensional temperature gradient then is given by
Gy = Gy + 2B(m + 1)X'"+1/2G01., (36)

where
dbyo

dn

d
= 0.3387Prl/3 and Goi(m, Pr) = =2 (37)

G = :
dT/ =0

I]_—.()
The averaged value of the nondimensional temperature gradient is up to the first order terms

Gy = Goo + BGo1 + O(B?). (38)

By using eq. (26) and the previous result we obtain

PrB  Pr’ B? 2Gp1(m, Pr)
oo = |1 — —— + —5— 1+ ") + O(B*)|. 39
w0 2Go0 4G(2]0 < + Pr ) t+ ( )} ( )

Figure 2 shows the leading order solution 6, obtained numerically, as a function of the injection strength 5.
for a Prandtl number of unity and different values of m. The asymptotic solution, up to terms of order B, given
by eq. (39) for m = 0, is also plotted. This approximation is enough to describe with acceptable accuracy the
leading order solution. Figures 3 and 4 show the numerically obtained function Gy for different values of Pr
and m, respectively. This function can be well correlated by

Gop =~ —1.212 — 1.0487m + 0.436m* — 1.1072(Pr 1), (40)

for values of Pr ~ 1. Therefore, up to the second order, ;.1 is given by

Xm-}—Z 2 . _
B1 = C1+ BPr — X+ o(BY). (41)
m+2 3
1.0 e T
m\
\&\
0.9- B Pr=1 7
0.8 o ]
] 2 N
6WO E\\\o
0.7 1 R >
[=] m=0 A E\\\O .1
0 m=-05 A TN °
0.6 - 4 m=05 A \E\
——— Two-term solution, eq. (389) A
0.5 T T ™ T 1 T T T T T 1
0.00 0.05 0.10 0.15 0.20 0.25 0.30

B

Fig. 2. — Leading order solution for the nondimensional plate temperature, #,,0, obtained numerically, as a function of the injection strength B
and three different values of . The Prandtl number is Pr = 1. The two-term asymptotic solution given by eq. (39) for m = 0 is also plotted.
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Fig. 3. — First order nondimensional temperature gradient, Goy, as a function of the Prandtl number for three different values of m.
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Fig. 4. — First order nondimensional temperature gradient, Go1, as a function of mn, for three different values of the Prandtl number.
After evaluating the constant C; by integrating the second order equation (24), we obtain the second order result

2 R2
6, — {1 _PtB  Pr'B (1 N 2G01(m,P1°))

2Go 4G, Pr
PrB G1(m + 2) G1(3/2) X" 2 4
- 2 -z
+a2G00 [(m+2)(m+5/2) 3 +2Goo m+2 3%
+0(B*/a, BY), (42)

where (1, found using the Lighthill approximation (Lighthill, 1950), is given by

_ 47‘LG()0 F(47L/3)P(2/3)

Giln) = = T B r2/3)

where ['(z) corresponds to the Gamma function.
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3.2. ASYMPTOTIC LIMIT &« — ()

In this limit we can neglect the streamwise heat conduction through the plate except in regions close to the
ends. This longitudinal heat conduction has to be retained in these regions in order to achieve the adiabatic
boundary conditions. The resulting equation for the outer region (where the streamwise heat conduction is
neglected) is given by

a9 . ‘ ,
— = (8, with ¢ = BPr(1 + m)y" /2. (13)

an =0

The governing equations for the fluid now take the form

ok O f L Jof o*fF  Of?
_(__J; i(—é‘ZC(m‘FT) —j ,j ——j—i : (44)
o3 20n 2710 oCon  OC On?
1 9%  fob 1. [of 08 Of 06 .
e 5 = D 00~ ) .
with the boundary conditions
, 2 od af
0O)+—=—=—-F=b,—-0==-"—-=0 atn=0,
f(0) + Pr - on e an at 7
Q—Ji—l:H«l:() at g — 0o, (46)
an

For large values of the Prandtl number, the limiting behavior can be obtained after neglecting the injection
process for the momentum equation (44), reducing the fluid equations to the classical form solved by Lighthill
(1950), viz.

- !l A 1/3 8., I\ 3/ (4m+1/2)) —1/3
(d—oi = (M) / K,,,d@ﬁl,, where K,,, = |1- (C—) . (17)

Therefore, #,.(C) can be obtained after solving the integral equation

[ , B _ 4 1/3
n@v . = —{U; i =( rryrce— . 48
/1 K,,dd, (8, with ¢ c(f”((])PT) (48)

Figure 5 shows the nondimensional temperature of the plate as a function of ¢, for different values of m., for
large values of the Prandtl number.

Close to the upstream end, the heat conduction effects must be retained in a thin layer of order o3 in y.
Introducing the following inner variables

N ‘ _
fe=1- (f”—(ﬂ)> PreBB(1L+m)a?m B 0 x = o3, (19)

the inner equation transforms to

p d2(Pll‘ v m y
L — it [ Kudgly -, (50)
¥l
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Fig. 5. — Nondimensional plate temperature as a function of
C o= (4/7(0)) /P BPr2/3(1 + m)xy™ /2 for different values of m, obtained numerically in the fimit a = 0 , for Pr > 1.
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Fig. 6. — Inner region solution for m = 1/2.

with the boundary conditions

Ay
3

Here ¢, is the corresponding value of ¢, (0) at the upstream end and

=0 até=0; @p~a™t? for ¢ — . (51)

3 I‘(-lm?’-{—él)

"7 dm 2 T2

(52)

The last condition comes from matching with the outer solution. For m = 1/2, figure 6 shows the solution of
eq. (50) for the inner region. Matching with the outer non-conducting region (¢ — oo, ¢ — 0) can be obtained
only for the unique value of ,; ~ 0.5977....
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4. Thermally thick wall regime

For values of & ~ e? < 1, the streamwise heat conduction through the wall is very small and can be neglected
as mentioned for the case of o — 0 in subsection 3.2. However in this regime, the nondimensional temperature
variation in the transverse direction of the plate now are of order unity and must be retained in the analysis.
The nondimensional governing equations for the wall and the cooling fluid are then given by

%0, ip 2Prpo
;l - g rﬂ7 (6“: _ 9(/) — 3 Pr,[ H.(j7 (53)
0z " ' a Oz
with the initial and boundary conditions given by
06, 08, € 1 09
=6,=0 atz=-1; = —— = (. 5
o y at z % & % o at z (54)

From the first and third terms in eq. (53), together with eq. (54) we compute a first integration, resulting

90, 2P
_e by, (55)

0z o

Combining all three terms we obtain a single equation for 6§, of the form

829g N a6,
022 7 0z

- K~6, =0, (56)
where K = £? Pr /. The solution can be readily obtained as

6, = Cyexp (—I(L;——Z—Z) sinh (R(1 + 2)), (57)
where R = fy\/l——l—_ﬂ(_ﬁ/ 2. The constant C5 is to be obtained from the boundary condition at z = 0. Using

eq. (55) we also find

v(1 + 2)

B = Cyexp (— 5 ) E sinh(R(1 + z)) + —gcosh(R(l + z))} (58)

Therefore, the nondimensional temperature at the wall relative to that at the upper surface is then

[% sinh(R(1+ z)) + %cosh(R(l + z))]
[% sinh(R) + E COSh(R)]

; (59)

where 0, is the nondimensional temperature of the plate at z = 0 , which may be obtained in a similar form
as in the limit o — 0 for the thermally thin wall regime (subsection 3.2.), by solving the integral equation

& 4

1/3
K??'I,deip‘u - _C_eum; Z - [:f”—<0):| BPT2/3(1 + Tﬂ)Xm+1/2. (60)

This regime must be avoided in this kind of transpiration cooling, due to the fact that the maximum temperature
in the plate is very close to the temperature of the hot fluid in some parts of the plate. The resulting temperature
gradients at the wall are also very high and are of the order of (T — T¢.)/h.

J1
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Fig. 7. — Nondimensional plate temperature as a function of the longitudinal coordinate for different values of the longitudinal
heat conduction parameter & and m = 0. The injection strength is B = 0.1 and the Prandtl number is Pr = 1.
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Fig. 8. — Nondimensional plate temperature as a function of the longitudinal coordinate for different values of the longitudinal
heat conduction parameter o and m = 1/2. The injection strength is B = 0.1 and the Prandtl number is Pr = 1.
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5. Results

The nondimensional governing equations (17)—(21) were solved numerically using a quasilinearization
technique with a tridiagonal matrix solver, employing a mesh of 101 and 900 grid points in the longitudinal
(streamwise) and transverse directions in the fluid phase, respectively. Figures 7 and 8 show the nondimensional
temperature distribution for different values of the parameter «, for m = 0 and m = 1/2, respectively. The
injection strength assumed for these calculation was B = 0.1 and the Prandtl number was Pr = 1. For large
values of the parameter «, the large thermal conductivity of the wall does not permit large temperature gradients
and the temperature distribution is almost flat. As the value of o decreases, the temperature at the upstream
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end increases, while it decreases at the downstream end, thus producing significant temperature gradients in the
streamwise direction. The effect of m on the temperature distribution can be inferred from these two figures.
For large values of «a, the temperature of the wall is lower as the value of m increases, contrary to that
expected. However, as the value of o decreases, the maximum temperature (at the upstream end) increases by
increasing the value of m. All these trends can be obtained from the asymptotic solution, given in eq. (42).
The nondimensional temperature at the upstream end, which is the location of the maximum temperature for
m > —1/2, 6,4, is according to eq. (42)

PrB  PrB?
T m.Pr,aB), i1
=1 2o 5 H(m,Pr,aB), (61)
where N N
He-_ Pr 1+ 2Go(m, Pr)y 1 Gi(m+2)  Gi(3/2)
- 2G, Pr aB | (m+2)(m+5/2) 3 '

with él(n) = (1(n)/Gp. Here, all the parametric dependence is explicitly written. Differentiation of eq. (61)
with respect to m gives

00 , PrB*| 1 dGyy 1 d Gi(m +2) 6
om 2 _C}g—[; dm +EE% (m+2)(m+5/2) || (62)
or
00y . PrB%[(—1.0487 4 0.872m)
om 2 { G,
4 1 u411’1,/3+5/3du 4 1 .
+3aB(m+5/2)/0 TEAE (ﬁl”(l/“)+(m+5/z)>]' (63)
12 1 S
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Fig. 9. — Values of H as a function of m for different values of o B and a Prandtl number of unity.
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The first term in the right hand side of eq. (63) is negative, indicating that the temperature of the plate, to
leading order, decreases as the value of m increases. On the other hand, the second term, showing the effect
of «, is always positive, causing the temperature at the upstream end increase as the value of m increases,
for ;n > —1/2. For values of m < —1/2, the temperature distribution on the plate inverts, being lower at the
upstream end but with the highest temperature at the downstream end. Figure 9 shows H as a function of m,
for different values of aB and Pr = 1. Larger values of H imply a lower maximum temperature at the plate.
For large values of «, increasing values of m gives higher values of H. However, for values of «B < 0.04
the situation inverts, yielding lower temperatures for smaller values of m. In general, the numerical results are
in good agreement with the asymptotic solution close to the asymptotic limits studied. Figure 10 shows the
comparison of the nondimensional temperature distribution for two different values of m.
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Fig. 10. - Effect of the parameter m on the distribution of the nondimensional temperature of the plate for three different values of «. The injection
strength is B = 0.1 and the Prandtl number is Pr = 1. It is to be noted that the adiabatic boundary conditions are satisfied for &« = 10™" at
both ends. The plot is unable to resolve the very thin layer of order of a?/3 in X-

6. Conclusions

In this paper we obtained asymptotic and numerical results for the steady-state transpiration cooling of a thin
porous flat plate in a laminar hot convective flow, taking into account the streamwise heat conduction through
the plate. The injection process is characterized by two nondimensional parameters: the injection strength and
its distribution along the plate. In the thermally thin wall regime, the temperature variations in the transverse
direction can be neglected. The aspect ratio of the plate (thickness to length) has no effect for thin plates in this
regime. For highly conducting plates, a regular perturbation analysis has been performed, giving a three-term
asymptotic solution for the distribution of the temperature in the plate. The maximum temperature is achieved
at the upstream end for values of m > —1/2, which is most important from the practical point of view. This
maximum temperature decreases with the value of m for very highly conducting plates, but increases with m as
the value of o decreases. Using the data for typical material and flow conditions in gas turbines we find that the
most common regime is the thermally thin wall regime with values of « of order unity. In the alternative limit
of a very poorly conducting plate, a singular perturbation technique, based on matched asymptotic expansions,
is employed to solve the governing equations. This limit is not of practical interest because the temperature at
the upstream end s very close to that of the temperature of the hot stream.
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